In this paper we define the notions of normal subcrossed module and quotient crossed module within groups with operations; and then give some properties of such crossed modules in groups with operations.
Introduction
Crossed modules as defined by Whitehead [29, 30] have been widely used in homotopy theory [4] , the theory of group representation (see [5] for a survey), in algebraic K-theory [16, 17] , and homological algebra [15, 18] . Crossed modules over groups can be viewed as 2-dimensional groups [3] .
The notions of subcrossed module and normal subcrossed module were defined in [25] . In [7] Brown and Spencer proved that the category of internal groupoids within the groups (which are also called G-groupoids [7] , group-groupoids [6] or 2-groups [2] ) is equivalent to the category of crossed modules of groups. Using the equivalence in [7] , recently in [22] normal and quotient objects in the category of group-groupoids have been obtained. In the light of this paper, Mucuk and Demir [20] and Temel [28] characterized normal and quotient objects in the category of crossed modules over groupoids independently using different approaches.
In [26] Porter proved a similar result to one in [7] holds for certain algebraic categories, introduced by Orzech [24] , which definition was adapted by him and called category of groups with operations. Gürsoy et al. [13] generalized the result given in [7] in a different way. They introduced the notion of crossed module over generalized groups which they call it by generalized crossed module and of generalized group-groupoid. Also they proved that the category of generalized crossed modules is equivalent to that of generalized group-groupoids whose object sets are abelian generalized group. Applying Porter's result, the study of internal category theory was continued in the works of Datuashvili [11] and [12] . Moreover, she developed cohomology theory of internal categories, equivalently, crossed modules, in categories of groups with operations [9] and [10] . The equivalences of the categories in [7] and [26] enable us to generalize some results on group-groupoids which are internal categories within groups to the more general internal groupoids for a certain algebraic category C (see for example [1] , [21] , [23] and [19] ).
In this paper for an algebraic category C we define normal subcrossed module and quotient crossed module for groups with operations.
The results of this paper form some part of Ph.D thesis [27] of the first author and we acknowledge that an extended abstract of this paper as AIP Conference Proceedings of International Conference of Mathematical Sciences at Maltepe University in Turkey, 2018 appears in 2086, 030032 (2019).
Preliminaries
We recall that a crossed module of groups originally defined by Whitehead [29, 30] , consists of two groups A and B, an action of B on A denoted by b · a for a ∈ A and b ∈ B; and a homomorphism α : A → B of groups satisfying the following conditions for all a, a 1 ∈ A and b ∈ B
We will denote such a crossed module by (A, B, α). Let (A, B, α) and (A ′ , B ′ , α ′ ) be two crossed modules. A morphism (f 1 , f 2 ) from (A, B, α) to (A ′ , B ′ , α ′ ) is a pair of homomorphisms of groups f 1 : A → A ′ and f 2 :
It was proved by Brown and Spencer in [7, Theorem 1] that the category XMod(Grp) of crossed modules over groups is equivalent to the category GrpGpd of group-groupoids.
Normality and quotient in the category of crossed modules within the category of groups with operations
The idea of the definition of categories of groups with operations comes from Higgins [14] and Orzech [24] ; and the definition below is from Porter [26] and Datuashvili [8, pp. 21] , which is adapted from Orzech [24] . Definition 3.1. From now on C will be a category of groups with a set of operations Ω and with a set E of identities such that E includes the group axioms, and the following conditions hold: If Ω i is the set of i-ary operations in Ω, then (a) Ω = Ω 0 ∪ Ω 1 ∪ Ω 2 ; (b) The group operations written additively 0, − and + are respectively the elements of Ω 0 , Ω 1 and Ω 2 .
Also assume that Ω 0 = {0};
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A category satisfying the conditions (a)-(d) is called a category of groups with operations.
Remark 3.2. The set Ω 0 contains exactly one element, the group identity; hence for instance the category of associative rings with unit is not a category of groups with operations. A morphism between any two objects of C is a group homomorphism, which preserves the operations in Ω ′ 1 and Ω ′ 2 . The topological version of this definition can be stated as follows:
Definition 3.4. Let X be an object in C. If X has a topology such that all operations in Ω are continuous, then X is called a topological group with operations in C.
In particular if C is the category of groups, then a topological group with operations just becomes a topological group and if C is the category of R-modules, then it becomes a topological R-module.
We will denote the category of topological groups with operations by Top C . For the objects A and B of C, the direct product A×B with the usual operations becomes a group with operations. Hence the category C has finite products.
The subobject in the category C can be defined as follows.
Definition 3.5. Let A be an object in C. A subset B ⊆ A is called a subgroup with operations of A if the following conditions are satisfied:
The normal subobject in the category C of groups with operations is defined as follows. (ii) a ⋆ n ∈ N for a ∈ A, n ∈ N and ⋆ ∈ Ω ′ 2 .
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For a morphism f :
A quotient object in C is constructed as follows: Let A be an object in C and N an ideal of A. Then the relation on A defined by a ∼ a 1 iff a − a 1 ∈ N is an equivalence relation. Then the quotient set A/N along with the operations defined by
for ⋆ ∈ Ω 2 , ω ∈ Ω 1 becomes an object in C and called quotient group with operations of A by N .
In the following proposition we prove that the category C has kernels in categorical sense. Proof. We have already seen that the kernel of a morphism in C is an ideal of the domain.
Conversely if N is an ideal of A, then the quotient A/N becomes an object in C and quotient morphism p : A → A/N has N as kernel.
Let A and B be two groups with operations in C. An extension of B via A is an exact sequence
in which p is surjective and ı is the kernel of p. It is split if there is a morphism s : B → E such that ps = ıd B . A split extension of B via A is called a B-structure on A. Given such a B-structure on A we get actions of B on A corresponding to the operations in C. For any b ∈ B, a ∈ A and ⋆ ∈ Ω ′ 2 we have the actions called derived actions by Orzech [24, pp.293 
Given a set of actions of B on A (one for each operation in Ω 2 ), let A ⋊ B be a universal algebra whose underlying set is A × B and whose operations are We recall that for groups with operations A and B, in [9, Proposition 1.1] all necessary and sufficient conditions for the actions of B on A to be derived actions are determined. (a) S and T are ideals of A and B, respectively,
Proof. It can be shown by an easy calculation. A morphism (A, B, α) → (A ′ , B ′ , α ′ ) between two crossed modules is a pair f : A → A ′ and g : B → B ′ of the morphisms in C such that
for any b ∈ B, a ∈ A and ⋆ ∈ Ω ′ 2 . As an example if (f, g) : (A, B, α) → (A ′ , B ′ , α ′ ) is a morphism of crossed modules in C, then (Kerf, Kerg, α |Kerf ), the kernel of (f, g), is a normal subcrossed module of (A, B, α) .
As a corollary of Lemma 3.9, a normal subcrossed module in C can be characterized as follow. We now obtain quotient crossed module in C as follows: 
and by the substitutions
In the following result we prove that a normal subcrossed module in C is categorically a normal object in the category of crossed modules in C. Proof. It can be proved that the function
is an isomorphism in C. 
This implies that ϕ is well defined. It can easily be seen that ϕ is a bijection, that is one-to-one and onto. Now we only need to show that ϕ is a morphism in C. Let a,
So ϕ is a group homomorphism. Also
and
) .
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Hence ϕ is a morphism in C. This completes the proof.
The isomorphism theorem for crossed modules in C can be given as follows. 
Conclusion
In this paper for an algebraic category C we have defined normal subcrossed module and quotient crossed module for groups with operations. In [26] Porter proved that the crossed modules within groups with operation are categorically equivalent to the internal groupoids in C. Therefore it could be possible to obtain normal and quotient terms in the internal categories in C.
